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a b s t r a c t
Active vibration control of flexible structures has received considerable attention in the
latest decades. However, several related control problems remain open to new in-
vestigations such as robust performance, spillover instability, and structural changes due
to damage. Specifically in the case of damage, it may significantly aggravate closed-loop
performance. Damage-tolerant active control is a recent research area that includes
structural damage effect reduction in the controller design requirements. This paper
presents a novel control method based on a modal double-loop controller design, aiming
for vibration reduction of noncollocated flexible structures subject to damage and en-
compassing online reconfigurability. The first controller is designed for the healthy system
in order to comply with predefined performance and robustness requirements, based on
modal ∞H norm. The second controller complements the closed-loop performance if the
structure is damaged. A reconfigurable modal technique is adopted to design the second
controller, using online modal structural parameter change information to update the
controller. To assess the proposed method, finite element models are developed for a case
study structure, including health and damage conditions. Results show the effectiveness
of the methodology along with performance improvement compared to single-loop
controllers based on regular ∞H and modal ∞H approaches.
1. Introduction
Recent research in multifunctional materials and structures has been leading to the innovation of flexible engineering
structures, extending their operational goals and safety. Structural and nonstructural functions may now be found in the
new generations of flexible structures based on smart materials, which allows the ability of intelligent responses to a variety
of stimuli. In particular, structural damage mitigation is prone to take advantage of the smart trend. Current smart structures
may embed sensors, actuators, and even digital processors, which can be used to diagnose and to act in order to detect and
compensate possible damage effects [1–3]. These structures may indeed present a sophisticated computational level, al-
lowing real-time functions like structural health monitoring (SHM) and active vibration control (AVC). Many techniques
have been developed for SHM [4–6] and for AVC [7–9], focusing on damage detection and diagnosis, or adequate
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performance and robustness for controlled systems. However, SHM and AVC methods are independently designed in
general, despite the fact that damage may significantly affect the AVC performance. Aiming to overcome the controller
performance decline due to damage, this paper presents a framework to design damage-tolerant active controllers for
noncollocated flexible structures, based on a novel double-loop modal controller, which may be adaptively reconfigured in
real time. The proposed methodology is inserted into a wide multidisciplinary, involving concepts of AVC, modal control,
fault-tolerant control, adaptive control, and SHM, in order to mitigate structural damage effects.
The integration between SHM and vibration control techniques has been receiving considerable attention in recent
decades [10–13]. Initially, SHM and control techniques were integrated only in the design phase, with the respective strategy
consisting in the simultaneous design of the SHM and control modules [14–16]. These two subsystems were independently
operated in the beginning and then, responding to challenges in the civil engineering area, progress has been made in
improving the integration approach. New semi-active controllers have been proposed based on magneto-rheological
dampers, using the output of the SHM module to update the respective controller parameters [17–20]. However, the in-
creasing demands of larger and lightweight structures with high structural performance lead to the evolution of AVC
methods and applications. Despite semi-active controllers intrinsic stability, which represents an advantage for several
cases, AVC strategies provide better performance than the passive and the semi-active approaches in structural vibration
control [21,22]. After almost two decades of research, the integration of the SHM and the AVC approaches is still a challenge,
and regular AVC methods rarely consider, as a design requirement, damage effect mitigation in structural vibrations.
Damage-tolerant active control (DTAC) is a recent research area that has intersections with both fault-tolerant control
(FTC) and AVC areas. Specific fault detection and isolation techniques are used by fault-tolerant controllers to provide online
parameter adaptation aiming to maintain an adequate performance for controlled systems [23–25]. In the same way, DTAC
methods use SHM to design controllers presenting damage-tolerant performance. DTAC methods may be considered an
extension of FTC, focusing fundamentally on structural vibration control and aiming to expand the applicability of modern
smart structures. However, adapting FTC methods to face damage-induced vibration in flexible structures leads to new
challenges. The infinite number of structural vibration modes, which constitutes the beginning of the DTAC research area,
demands a controller robustness that is complicated by the dynamic changes due to damage perturbation [3]. The literature
regarding vibration control of structures subject to damage is limited. Chattopadhyay et al. [26] used a pole placement
technique together with a root mean square method to locate and to mitigate the damage caused by delamination in a
composite plate. Umesh and Ganguli [27] investigated the negative velocity feedback control algorithm to compensate the
damage effects. Chomette et al. [28] proposed an active modal control for efficient control energy distribution on most
damaging modes. Yang et al. [29] used an adaptive controller to reject the vibrations due to earthquakes in a three-story
aluminum structure subject to damage. An actuator load was proposed by Ashokkumar [30] to reduce vibration response
magnitudes for damage growth mitigation. Ambrosio et al. [31] incorporated the fatigue phenomenon in a cost function,
which is then minimized to obtain the controller. Ripamonti et al. [32] investigated an adaptive active vibration control to
increase structure life, emphasising the vibration reduction from the most damaging modes. Mechbal and Nóbrega [33]
proposed an adaptive methodology based on Lambwave technique for damage localization and a spatial controller design to
reduce vibration energy flow in the damaged region. Recently, the authors submitted papers introducing an ∞H norm
applied to the modal control and investigated this methodology applied to damage tolerance [34], considering that the
structure distributed stress is known and this permits to infer the most probable regions where damage may occur [35].
Performance and robustness are two important basic requirements for any control design method. Unfortunately, they
are opposite to each other, demanding in general a compromise to balance the design requirements. Considering a flexible
structure submitted to a regular active vibration controller, performance degradation may be expected in the case of damage
occurrence [36]. Regular controllers are not a good solution for structures subject to damage, for instance, considering to
ensure safety in an aircraft or in a civil structure. Damage may imply a loss of performance and/or robustness, eventually
conducting to instability [37]. An adequate robust active vibration control should be able to automatically accommodate
some level of plant model variation, but it cannot protect from structural damage in general. To maintain the overall system
stability and an acceptable performance in the case of damage, a specific DTAC design is required [38].
The double-loop robust control concept was proposed by Zhou and Ren [39] to solve the conflict between performance
and robustness for the regular feedback framework. The key idea is to use two controllers, in which the first controller is
designed to provide performance and the other is designed to guarantee stability and robustness. This control idea has been
successfully used as an FTC strategy [40–42]. A new double-loop methodology is presented in this paper, based on the
application of the recently introduced modal ∞H norm [34] to control noncollocated flexible structures subject to damage. In
this case, the first controller is designed to comply with performance and robustness requirements for the healthy structure.
The second controller aims to ensure satisfactory closed-loop performance and robustness including damage effects. To
comply with this goal, an original online-reconfigurable technique is adopted to design the second controller, based on a
modal state-tracking method to provide the update of the controller parameters. Finite element (FE) models of a case study
structure are adopted, considering healthy and increasing damage conditions, in order to examine the proposed double-loop
control methodology.
This paper is organized as follows: in Section 2, the adopted DTAC framework is presented; in Section 3, the modal state-
space model of a generic flexible structure is introduced; in Section 4, the modal ∞H controller is formulated; in Section 5,
the modal double-loop controller is presented; in Section 6, the DTAC double-loop control framework is analyzed, based on
simulated results, and final remarks are presented in the last section.
2. Adopted DTAC framework
Regular controllers are designed in order to ensure a specified level of performance and robustness for the closed-loop
system. However, both properties are directly influenced by structural model accuracy [43]. Structure dynamics is highly
sensitive to damage, which may increase the vibration of both open-loop and closed-loop structures. On the other hand,
damage effects over the system dynamics are difficult to predict, hindering to incorporate structural damage information
into the controller design. Simply trying to increase the robustness, expecting to accommodate the large model variation
due to damage effect, may lead to significant performance loss in the closed-loop system for the healthy structure. Not-
withstanding, it does not guarantee acceptable performance if a damage occurs.
To include damage as a control design requirement, the closed-loop system should be able to comply with previously
defined performance and robustness requirements for the healthy plant, and also to ensure that, despite the damage dy-
namic effects, the system maintains an adequate performance level. A methodology for AVC based on the modal double-
loop controller for DTAC applications is here proposed, which satisfies these requirements. Several strategies and ap-
proaches are possible for DTAC, similar to existing solutions for FTC. The simple approach is to just design a robust controller
in a single loop, as mentioned in the previous paragraph. This strategy is depicted in Fig. 1a, where a robust controller C1 is
designed to reduce the structural vibration ( )ty caused by the disturbance forces ( )tw , satisfying a performance index vector
( )tz . However, the unpredictability of the damage effects implies that a good performance is not guaranteed. A better ap-
proach is used in [35], in which the key idea is to use previous knowledge acquired from similar structures to predict future
damage most likely effects and to design a nonreconfigurable controller to face this probable damage, if and when it
happens.
Zhou and Ren [39] proposed the double-loop scheme in Fig. 1b to be used for robustness increase and also for FTC
applications. Comparing with the scheme in Fig. 1a, a residue generator and a second controller C2 are included. The
controller C2 acts over the residue signal, which is due to the plant dynamic changes. An application of this configuration is
for nonlinear systems, which may be linearized at an operation point, and the second controller compensates any significant
variation of this operating point. These two strategies are based on fixed parameter controllers, which is called in the FTC
area a passive strategy [44]. However, a more general solution is to design an automatically reconfigurable controller, with
the ability to characterize the damage-caused dynamic changes on the plant and adapt the controller online, without the
intervention of a human operator. The double-loop scheme is here adopted as a reconfigurable DTAC, considering its simple
way to compensate big model changes. In the present case, a linear time-invariant controller is chosen for the first con-
troller, here called the nominal controller, and a reconfigurable controller is adopted as the damage compensator.
Fig. 2 presents the well known FTC reconfigurable framework for a regulator controller [44], which is in general based on
a single-loop controller with variable parameters. A residue generator block receives in parallel with the plant both the
Fig. 1. Standard control strategies.
control input signal and the real-time measurement output. This block embeds an implicit plant model used to generate the
respective residue signal resultant from the processing of these two input signals. Several techniques, known generically as
fault detection and isolation (FDI) in the FTC area, may be used to estimate the fault effects, represented by the signal ( )tf . In
the area of flexible structures, the SHM has similarities in relation to the FDI, with the corresponding differences due to
structural behavior particularities. SHM techniques are usually designed to identify, locate, and quantify severity of damage
in structures. Considering that smart structures embed transducers, damage may also impact on the transducer behavior,
rendering DTAC a more complex problem. However, in both areas, the residue signals need to present the capacity to
conduct the reconfiguration of the controller. In order to do this, the reconfiguration mechanism, another functional block
that can be seen in Fig. 2, uses the residue to compute online the new controller parameters.
The proposed DTAC framework is presented in Fig. 3. It shows two different controllers, the nominal controller and the
damage compensator, which cooperate in order to control the vibration of flexible structures subject to damage. The
nominal controller parameters are set in the design phase to provide the disturbance rejection and they are not updated.
The damage compensator parameters are reconfigured online to face the damage consequences on the plant behavior. The
modal ∞H approach is a recently developed robust control technique [34] and is here adopted to design the nominal
controller. The modal approach provides high authority over the control energy distribution among the modes, reflecting a
designer-chosen compromise to guarantee a very good performance for the healthy structure. As such, this healthy closed-
loop model is also adopted as the reference to generate the desired performance output. This means that the damage
compensator goal is to maintain the same performance that was present in the plant before the damage occurrence. The
damage effects are assumed as a bounded unknown input signal φ( )t . To design the reconfigurable damage compensator, a
state-tracking strategy is here modified, based on a model reference adaptive control approach [45], which includes the
modal behavior as a design requirement. The estimated state vector is compared to the reference state vector, generating a
residue vector which the reconfiguration mechanism uses to adapt the damage compensator parameters. In the next
sections, the proposed DTAC methodology is detailed, in order to explain how the double-loop approach may be used to
implement a reconfigurable controller.
Fig. 2. FTC framework.
Fig. 3. Proposed DTAC framework.
3. Flexible structure model
The second-order differential matrix equation is commonly used in the analysis of structural dynamics and it can be
easily converted into the modal state-space representation used in control applications. For the sake of completeness, this
section presents a brief overview of the modal state-space representation to describe the structure behavior, adopting a
modal representation according to the proposed controller design method.
A generic flexible structure in nodal coordinates with multiple transducers can be described by the following pair of
equations:
¨ ( ) + ̇ ( ) + ( ) = ( ) + ( )
( ) = ( ) + ̇ ( ) + ( ) ( )
t t t t t
t t t t
Mp Dp Kp B w B u
y C p C p C w , 1
w u
d v w
in which ( )tp denotes the displacement vector, M is the mass matrix, D is the damping matrix, K is the stiffness matrix, Bw
and Bu are the respective input matrices, where ( )tw are the disturbance forces acting on the structure, ( )tu are the control
forces, and ( )ty are the measured output signals, modeled through the output matrices Cd, Cv , and Cw. Usually, the structure
FE models have a very large order, however, considering that there exists a frequency band of interest, a proper number of
modes are adopted to choose a manageable model. The following modal matrix is used to decouple the modal equations,
considering m as the adopted number of modes:
⎡⎣ ⎤⎦ϕ ϕ ϕΦ = … ,1 2 m
where ϕi is the i mode shape.
A transformation into modal coordinates is obtained using Φ( ) = ( )t tp q . Pre-multiplying Eq. (1) by ΦT gives:
Φ Φ
Φ Φ Φ Φ Φ Φ Φ Φ¨ ( ) + ̇( ) + ( ) = ( ) + ( )
( ) = ( ) + ̇( ) + ( )
t t t t t
t t t t
M q D q K q B w B u
y C q C q C w ,
T T T T T
w u
d v w
which may be written as:
¨ ( ) + ̇( ) + ( ) = ( ) + ( ) ( )− − − −t t t t tq M D q M K q M B w M B u 2m m m m m w m u1 1 1 1m m
( ) = ( ) + ̇( ) + ( ) ( )t t t ty C q C q C w , 3d v wm m
where Φ Φ=M MTm is assumed nonsingular, Φ Φ=D DTm , Φ Φ=K KTm , Φ=B BTw wm , Φ=B B
T
u um
, Φ=C Cd dm , and Φ=C Cv vm .
Matrices Mm and Km are diagonal while Dm is not necessarily diagonal. In order to make the modal matrix also diagonal, a
linear combination of the stiffness and mass matrices is usually adopted: α β= +D M K for α β ≥, 0. This is a reasonable and
usual assumption, considering that flexible structures have small damping factors.
From Eqs. (2) and (3), the second-order differential equations can be transformed into the following state-space re-
presentation:
̇( ) = ( ) + ( ) + ( )
( ) = ( ) + ( )
t t t t
t t t
x Ax B w B u
y C x D w ,
1 2
2 21
in which ( )tx is the state vector. The state-variable definition conducts to a specific canonical model, of which some ex-
amples are given in [46]. For this paper, the following state-space model structure is adopted:
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where A i is a 22 matrix for = …i m1 , therefore it isolates each mode.
4. Nominal controller
The plant to be controlled is given by Eq. (5), in which a performance indicator is introduced as an output vector ( )tz ,
considering the modal canonical representation of the previous section. In general, this performance output index depends
only on time. However, to include modal requirements, it is necessary to transform the regular performance output. Con-
sidering only the time-dependent performance vector, the following state-space equations are used to design the regular
robust controllers:
̇( ) = ( ) + ( ) + ( )
( ) = ( ) + ( ) + ( )
( ) = ( ) + ( ) ( )
t t t t
t t t t
t t t
x Ax B w B u
z C x D w D u
y C x D w , 5
1 2
1 11 12
2 21
in which matrices C1, D11, and D12 are chosen to define the desired performance vector ( )tz . In addition, all vectors and
matrices have appropriate dimensions related to the number of inputs and outputs and to the model order. Assuming the
modal model, the respective performance vector can be described in terms of modal performances as ( ) = ∑ ( )=t tz zi
m
i1 , in
which ( )tzi represents the performance signals relative to mode i. Moreover, the disturbance vector ( )tw , with 3∈ ] ∞[w 0,2 ,
can be filtered into m contiguous frequency bands such that ( ) = ∑ ( )=t tw wi
m
i1 , in which each band is chosen in order to
contain only one distinct mode.
Given a state-space controller Kc as:
̇ ( ) = ( ) + ( )
( ) = ( ) + ( ) ( )
t t t
t t t
x A x B y
u C x D y , 6
c c c c
c c c
the regular ∞H control problem is to find the controller matrices by the minimization of the following objective function:
∫
∫
=
( ) ( )
( ) ( )∞
∞
∞J
t t dt
t t dt
z z
w w
.
T
T
0
0
A modal ∞H norm, which is dependent of the modal weighing matrices, is introduced and minimized to find the modal
∞H controller, according to Eq. (6), such that the closed-loop system satisfies:
3⏟⏟
γ<
( )∈ ∈ ] ∞[
Jinf sup ,
7K V
m
w 0,
2
c 2
in which V represents the set of all controllers that stabilize the plant and:
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where the diagonal matrix >Q 0i weights the mode i, whose results conduct to the sought mode selectivity.
Defining a new modal performance indicator as:
Γ Θ Λ( ) = ( ) + ( ) + ( ) ( )t t t tz x w u , 8p
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where C1i, D11i, and D12i correspond to the respective mode i submatrices in C1, D11, and D12. The modal problem given in Eq.
(7) can be equivalently solved using the following objective function [34]:
∫
∫
=
( ) ( )
( ) ( )∞
∞
∞J
t t dt
t t dt
z z
w w
,
T
T
p p0
0
meaning that known tools may be applied to solve this problem.
Fig. 4 represents a general MIMO system framework adopted to design the modal active controller, including weighing
filters for frequency band restrictions to avoid spillover, to limit the control signals, and to balance the relation between the
Fig. 4. Block diagram of the ∞H control problem.
disturbances and the performance index. This is done through the filters Fu and Fz whose outputs are respectively ( )tzu and
¯ ( )tzp , which define the generalized performance vector as ⎡⎣ ⎤⎦^( ) = ¯ ( ) ( )t t tz z zT T
T
p u . The nominal plant Gn is obtained from the
modal reduced model, G is the generalized plant, including the filters, and the respective nominal controller is Kc.
To choose the appropriate weighing filters represents an important step in the controller design process, which may
involve several iterations to achieve fine tuning. Usually, ( )F sz is chosen as a low-pass filter and ( )F su is designed as a high-
pass filter, designed according to the following equations [47]:
in which ωc, k, ε, and M determine the transition frequency between rejection band and passband, the filter order, the gain
at pass band, and the gain at rejection band, respectively.
The transfer matrix between the performance output ^( )tz and the disturbance ( )tw is defined as ^Tzw, where || ||^ ∞Tzw re-
presents the ∞H norm of G. The modal ∞H controller design consists in finding a central controller Kc that minimizes || ||^ ∞Tzw .
Considering the controller represented by Eq. (6) and the generalized plant G with their filters, then the closed-loop system
is given by [47]:
˜ ̇( ) = ˜ ˜ ( ) + ˜ ( )
^( ) = ˜ ˜ ( ) + ˜ ( )
t t t
t t t
x Ax Bw
z Cx Dw .
Based on the bounded real lemma [48], A˜ is stable and ρ∥ ∥ <^ ∞Tzw if and only if there exists a symmetric matrix P˜ that
satisfies the following linear matrix inequalities (LMIs) [49]:
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⎥
ρ
ρ
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˜ ˜ −
< ˜ >
( )
A P PA PB C
B P I D
C D I
P0, 0,
10
T T
T T
in which it is usual to adopt a suboptimal problem to solve the respective ∞H control problem, based on successive iterations
to find the controller matrices. In order to find ρ|| || ≤^ ∞Tzw , the convex optimization problem can be adopted and solved by
well-known procedures, see [50] for more details.
5. DTAC double-loop reconfigurable controller framework
Fig. 5 shows the detailed block diagram of the DTAC framework, including the plant and five constitutive modules,
respectively the nominal controller, the modal observer, the reference model, the reconfiguration mechanism, and the
damage compensator. The nominal controller generates the control signal ( )tu1 and is already described in the previous
section. The damage compensator generates the control signal ( )tu2 , based on the updated parameters provided by the
reconfiguration mechanism. An SHM module encompasses a modal state observer and a reference model block, whose
Fig. 5. Detailed block diagram of the DTAC framework.
output ( )txr is compared to the observed state ^( )tx to generate the residue ( ) = ^( ) − ( )t t te x xx r . The residue is essential for the
parameter reconfiguration. These modules are detailed in the next subsections.
5.1. Modal observer design
The modal state vector ( )tx is estimated online based on the measured output signal ( )ty and the control signal ( )tu ,
which contain the respective damage information. The following representation is adopted to include damage in the state-
space model:
φ̇( ) = ( ) + ( ) + ( ) + ( )
( ) = ( ) + ( )
t t t t t
t t t
x Ax B w B u B
y C x D w ,
1 2 3
2 21
where the pair ( )A C, 2 is assumed observable, 3φ ∈ 2 represents the unknown damage signal, and B3 is responsible for
balancing the damage in each mode. Considering that the controller objective is to compensate the modal vibration in terms
of the modal ∞H norm and respective assumed weights, the control transducer position implies that it guarantees the
authority to do so. Therefore, it is possible to admit that =B B3 2, without loss of generality.
The following traditional Luenberger observer is adopted to estimate the modal state vector:
^̇( ) = ^( ) + ( ) + ( ( ) − ^( ))
^( ) = ^( )
t t t t t
t t
x Ax B u L y y
y C x ,
2
2
in which ^( )tx and ^( )ty are the estimations of the state and the output vectors. The gain L is chosen so that ^( )tx converges to
( )tx asymptotically.
The estimation error dynamics ̇( )te is given by:
φ φ̇( ) = ̇( ) − ^̇( ) = ( ) + ( ) + ( ) − ^( ) − ( ) − ( ( ) − ^( )) + ( ) = ( ) + ( ) + ( ) ( )t t t t t t t t t t t t te x x Ax B w B u Ax B u L y C x B t Ne Ew B , 111 2 2 2 2 2
in which = −N A LC2 and = −E B LD1 21.
The observer gain L is computed in order to ensure stability of the estimation error dynamics and to attenuate the
influence of damage and disturbance in the state estimation. For this purpose, the following theorem is proposed to give an
observer solution based on an LMI approach.
Theorem 1. The estimation error dynamics given in Eq. (11) is globally stable in relation to the ∞H performance if there exist
matrices ¯ = ¯ ≥P P 0T , Θ, and scalars γ ν α >, , 0 that satisfy φγ∥ ( )∥ ≤ ∥ ( )∥t te 2 2, ν∥ ( )∥ ≤tw 2 , and the following LMI:
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in which μ γ= 2, β α ν= −1 2, and the observer gain is computed as Θ= ¯ −L P 1 .
Proof. The 32-induced norm from φ( )t to ( )te considering γ > 0 is given by:
∫ ∫ φ φγ( ) ( ) < ( ) ( ) ( )
∞ ∞
t t t t t te e d d . 13
T T
0
2
0
The performance index φJ e
is defined from the inequality (13) as:
{ }∫ φ φγ= ( ) ( ) − ( ) ( )φ ∞J t t t t te e d .T T0 2e
Considering the Lyapunov candidate function ( ( ))V te and that the boundary conditions are null, i.e., ( ( )) ==V te 0t 0 and
( ( )) →→∞V te 0t , then:
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The Lyapunov quadratic function is chosen as ( ( )) = ( ) ¯ ( )V t t te e PeT . Thus, the derivative of ( ( ))V te along Eq. (11) is given by:
φ φ̇ ( ( )) = ̇ ( ) ¯ ( ) + ( ) ¯ ̇( ) = ( )( ¯ + ¯ ) ( ) + ( ) ¯ ( ) + ( ) ¯ ( ) + ( ) ¯ ( )V t t t t t t t t t t t t te e Pe e Pe e N P PN e e PEw B Pe e PB2 .T T T T T T T T2 2
For ν∥ ( )∥ ≤tw 2 , it follows that:
φ φν̇ ( ( )) < ( )( ¯ + ¯ ) ( ) + ∥ ( ) ¯ ∥ + ( ) ¯ ( ) + ( ) ¯ ( )V t t t t t t t te e N P PN e e PE B Pe e PB2 .T T T T T T2 22
Considering a scalar α > 0, the following expression is verified1:
ν α ν α∥ ( ) ¯ ∥ ≤ ∥ ( ) ¯ ∥ +−t te PE e PE2 ,T T2 1 2 22
which leads to:
( ) φ φβ α̇ ( ( )) < ( ) ¯ + ¯ ( ) + ∥ ( ) ¯ ∥ + + ( ) ¯ ( ) + ( ) ¯ ( ) ( )V t t t t t t t te e N P PN e e PE B Pe e PB , 15T T T T T T2 222
where β α ν= −1 2.
Substituting inequality (15) into Eq. (14), the performance index is then given by [51]:
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The condition to satisfy the inequality (13) is <φJ 0e , leading to:
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Considering the Schur complement, the inequality (16) becomes:
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A new matrix Θ = P¯L together with = −N A LC2, = −E B LD1 21, and μ γ= 2 is used in order to eliminate the quadratic
terms of the inequality (17):
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where μ, P¯, and Θ are the variables to be computed via the numerical solution of LMI. This completes the proof.
The proposed modal observer is based on the reduced model order. However, the sensor outputs may be affected by
residual modes through the observation spillover [52], which may introduce an additive noise in the state-vector estima-
tion. To avoid this effect, the state pair of each mode is filtered using a bandpass filter focused on the respective resonant
frequency.
5.2. Reference model
As already mentioned, the reference model uses the closed loop of the healthy structure model given in Eq. (5) under the
nominal controller represented in Eq. (6). The reference model module continuously generates the desired vector state xr(t),
i.e., without the damage influence. For this purpose, the disturbance input should be known in order to be used to excite the
reference model. Usually, it is difficult to estimate online the disturbance forces acting on practical structures. To overcome
this limitation, an estimation of the worst-case disturbance is used instead, according to the following equation:
ρ*( ) = ( − ˜ ˜ ) ( ˜ ˜ + ˜ ˜ )^( )−t tw I D D B P D C x ,T T T2 1
in which this equation is based on the solution of the nominal controller problem, represented here by the set of inequalities
(10) (see [53] for more details). Notice that using the worst-case disturbance, the estimated state vector is a conservative
choice, always guaranteeing the highest possible residue. Finally, it worths to mention that a plant model with additional
high-order modes may be easily adopted in order to build a more precise reference model, without impact over the con-
troller design.
1 Based on the tautology that for two real scalars a and b, ( − ) ≥a b 02 .
5.3. Damage compensator
The damage compensator is designed to minimize the residue vector ( )tex , based on modal adaptive strategy. Con-
sidering the model given in Eq. (5) and the control signal ( )tu formed by the output signals of both controllers, it is possible
to write the following system equation:
̇( ) = ( ) + ( ) + ( ) + ( )t t t t tx Ax B w B u B u ,1 2 1 2 2
in which the pair ( )A B, 2 is considered controllable.
Assuming an ideal fixed-gain control law for the damage compensator as:
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in which Ki is the gain vector and ( )tXi is the state vector, both relative to mode i. Then, the closed-loop system with this
controller is given by:
( ) ( )̇( ) = + ( ) + ( ) + + ( ) ( )t t t tx A B K x B w B B K u . 19T T2 x 1 2 2 u 11
The damage compensator goal is to track asymptotically the reference model state to mitigate damage effects. The state-
space model of the healthy structure is defined as:
̇ ( ) = ( ) + ( ) + ( ) ( )t t t tx A x B w B u , 20r r r 1r 2r 1
in which the matching conditions can be obtained by comparing Eqs. (19)–(20):
= + = = +A A B K B B B B B K, , and .T Tr 2 x 1r 1 2r 2 2 u1
Based on Eq. (18) and the state-estimation results, the following real control law is proposed for the damage compen-
sator:
( ) = ^ ( )^( ) + ^ ( ) ( ) ( )t t t t tu K x K u , 21
T T
2 x u 11
where ^ ( )tKx ,
^ ( )tKu1 , and
^( )tx are respectively the online estimations of Kx, Ku1, and ( )tx . Then, the closed loop with these new
gains is given by:
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5.4. Reconfiguration mechanism
The reconfiguration mechanism goal is to provide the online estimation of ^ ( )tKx and
^ ( )tKu1 . For this purpose, the state-
tracking error dynamics is defined as ̇ ( ) = ^̇( ) − ̇ ( )t t te x xx r . Substituting from Eqs. (20) and (22), and using the matching
conditions, it leads to:
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are the gain estimation errors.
The adaptive gains ^ ( )tKx and
^ ( )tKu1 must be adequately estimated in order to ensure the stability of the tracking error
dynamics, aiming for the tracking error ( )tex to tend asymptotically to zero. To achieve these goals, the following theorem
provides an online estimation of the gains.
Theorem 2. The state-tracking error dynamics given in Eq. (23) is stable for the following adaptive gain laws:
^ ( ) = − ^( ) ( ) ( )t t tK T x e PB , 24Tx x x 2
.
^ ( ) = − ( ) ( ) ( )t t tK T u e PB , 25Tu u 1 x 2
.
1 1
in which for = >R R 0T , = >P P 0T satisfies the following algebraic Lyapunov equation:
+ = − ( )PA A P R. 26Tr r
Moreover, >T 0x and >T 0u1 are diagonal matrices that determine adaptation rates. Matrix Tx is a function of the modal
adaptation-rate submatrices:
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where the 22 matrix Ti determines the adaptation rate of mode i.
Proof. The following quadratic Lyapunov candidate function is chosen to analyze the stability of the state-tracking error
dynamics:
⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦( ( )( ( ) ∆ ( ) ∆ ( )) = ( ) ( ) + ∆ ( ) ∆ ( ) + ∆ ( ) ∆ ( )− −V t t t t t tr t t tr t te K K e Pe K T K K T K, , ,T T Tx x u x x x x x u u u1 11 1 1 1
in which tr represents the trace of a matrix.
The derivative of ( ( ) ∆ ( ) ∆ ( ))V t t te K K, ,x x u1 , evaluated using Eq. (23), is given by:
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If the adaptive laws are selected as:
^ ( ) = − ^( ) ( ) ^ ( ) = − ( ) ( )t t t t t tK T x e PB K T u e PBand ,T Tx x x 2 u u 1 x 2
. .
1 1
then ̇ ( ( ) ∆ ( ) ∆ ( )) = − ( ) ( ) ≤V t t t t te K K e Re, , 0Tx x u x x1 . Therefore, the state-tracking error tends asymptotically to zero, i.e.,
∥ ^( ) − ( )∥ =→∞ t tx xlim 0t r . This proves the theorem.
5.5. Modal double-loop controller design procedure
The procedure to design the modal double-loop controller can be divided into two parts: the nominal controller design
given in Algorithm 1 and the damage compensator design given in Algorithm 2.
Algorithm 1. Nominal controller design.
1: Determine the modal state-space model of the healthy plant using Eqs. (4) and (5);
2: Design a regular ∞H controller using the traditional approach. Then, adjust the weighing filters, based on Eq. (9);
3: Choose the modes to act upon, based on the modal performance of the standard ∞H controller; build the modal weighing matrices; and build the
respective modal performance indicator vector (Eq. (8));
4: Solve the modal ∞H problem.
Algorithm 2. Damage compensator design.
1: Design the modal observer by solving the respective LMI (12);
2: Design the bandpass filters;
3: Build the reference model, using the closed loop of the healthy structure model given in Eq. (5) under the nominal controller represented in Eq.
(6);
4: Determine matrix >R 0. After that, compute the matrix P by solving the algebraic Lyapunov equation given in Eq. (26);
5: Define the matrix Tu1 and the modal matrices Ti to build Tx , following Eq. (27);
6: Build the adaptive gain laws (Eqs. (24) and (25));
7: Build the control law (Eq. (21)).
6. Simulated results
This section shows results that permit to analyze the proposed methodology effectiveness. In the sequence, a flexible
structure presenting two severity levels of damage is examined, based on FE modeling. After that, a modal ∞H controller
(MC) and a modal adaptive controller are designed to compose the modal double-loop framework (MDLF). A regular ∞H
controller (RC) is also designed to be included in the evaluation of the proposed framework. The performances of the regular
and the nominal controllers in the single loop are compared and analyzed with the modal double-loop controller.
Fig. 6. Adopted aluminum structure with active elements.
Fig. 7. Transfer function comparison between complete and nominal models.
A clamped-clamped aluminum beam of Fig. 6a with a rectangular cross section of 30 mm3.2 mm is adopted to ex-
amine the modal double-loop methodology, according to dimensions and elements in Fig. 6b. Four pairs of piezoelectric
ceramic elements (PZTs) are fixed symmetrically to each side of the beam and used as transducers, following the guidelines
presented in Fig. 6c. The simulated beam is created using a dedicated FE software developed at PIMM Laboratory to test
control strategies on plate structures. The FE model mesh contains 3939 discrete Kirchhoff triangular plate elements [54],
considering 472 ones to model the four areas where the piezoelectric transducers are placed. The layers are used to model
the structure with the respective transducers, one layer representing the structure and the other is used to describe each
piezoelectric ceramic, see [55] for more details. Appendix A contains the material properties of the active structure.
The nominal plant model used to design the controllers and the observer is reduced to four modes. Another model with
ten modes, referred here as the complete model, is adopted to analyze the controller performances, in order to verify that
the controllers are effective in avoiding the spillover. The comparison of the open-loop transfer functions for both models is
presented in Fig. 7. The respective vibration modes and natural frequencies are presented in Table 1.
6.1. Damage simulation
A crack of length h localized at the beam extremity is used to simulate two levels of damage, considering two different
lengths following Fig. 6d:
 No damage: =h 0;
 Damage 1: =h 15 mm;
 Damage 2: =h 20 mm.
Damage effects can be noted in Fig. 8, where the frequency response comparison between the healthy and damaged
structures is shown, considering damage 2. It is possible to verify that the damage produces natural frequency shifts and
amplitude variation in the four modes. For the first three modes, the damage reduces the peak amplitudes, with mode
3 presenting the largest attenuation. However, damage effect on mode 4 is peak amplification, even with this mode pre-
senting the lowest energy vibration in the healthy structure.
6.2. Nominal controller design
The nominal controller is designed based on the nominal model of the healthy structure, where the performance ma-
trices are defined as =C C1 2 and = = [ ]D D 0 0 T11 12 . A chirp signal, with bandwidth from 0 Hz to 500 Hz, duration of 20 s,
Table 1
First natural frequencies of the healthy structure.
Mode Frequency (rad/s) Deformation Mode Frequency (rad/s) Deformation
1 295.69 Bending 6 3861.10 Bending
2 816.72 Bending 7 5360.21 Bending
3 1590.10 Bending 8 7173.37 Bending
4 2574.19 Bending 9 7630.50 Torsion
5 3683.19 Torsion 10 9267.03 Bending
Fig. 8. Frequency response comparison between healthy and damaged structures (damage 2).
and amplitude of 4 V, is considered as a disturbance in order to examine the controller performance. To balance the control
signals and the relation between disturbance and performance signals, the weighing filters are designed with the para-
meters presented in Table 2. Moreover, one can notice that the filter Fu also limits the generated control signal.
The RC is initially designed to reduce the vibration of the healthy structure and uses the same filters of the nominal
controller in order to have an acceptable comparison base. This controller is used to provide reference performances to be
compared with the other control techniques. Frequency and time responses for the open-loop and closed-loop healthy
structure are shown in Figs. 9 and 10, which also show results for the MC presented next. It is possible to see that the RC
reduces the peak vibration for all modes, with modes 1 and 2 presenting the largest reduction.
The nominal controller is designed based on the modal approach with the same controller structure of the RC, adding the
respective performance outputs. These matrices are built considering the low peak vibration attenuation of mode 4, ob-
tained by the RC. Thus, the following weighing matrices are adopted:
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The performance of both single-loop controllers for the healthy structure is compared in Figs. 9 and 10. Considering
Table 2
Parameters of the weighing filters.
Weighing filters ωc (rad/s) k M ε
Fu 2320 2 65 0.07
Fz 2320 1 65 0.07
Fig. 9. Frequency response comparison between the uncontrolled and the controlled healthy structure.
Fig. 10. Performance comparison between the uncontrolled and the controlled healthy structure.
modes 1 and 2, the RC performance is slightly higher than the MC performance due to the low weight of the MC. For mode
3, both controllers have similar performances due to the small change of the respective modal weighing matrix. However,
the MC performance is better than the RC one for mode 4, due to the respective modal weighing increase. Fig. 11 permits to
analyze the modal control energy distribution of both controllers, where the color superposition changes in order to clarify
the relative amplitudes. Comparing with the RC, the MC control signal has its amplitude reduced in mode 2, does not change
in modes 1 and 3, and is amplified in mode 4. It is possible to affirm that both controllers have a satisfactory performance
considering the healthy structure vibration attenuation.
6.3. Damage compensator design
Following the Algorithm 2 to design the damage compensator, the first step is to design the modal observer, solving the
LMI (12), where it is adopted ν = 5 and α = 5. A Butterworth approach is adopted for the bandpass filters, according to the
parameters presented in Table 3.
The matrix R and the modal adaptation-rate matrices are chosen with the highest gains over the modes 3 and 4, due to
the low vibration attenuations achieved with the MC. Thus, the following matrices are adopted:
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The adaptive controller struggles to track the reference model state vector by estimating the gains Kx and Ku1. The
control effort may generate high amplitude signals, leading even to actuator saturation, however, producing a small re-
duction of the state-tracking error. A threshold is adopted to interrupt the iteration process, setting the gains to the last
value. This procedure is described by the following rule:
⎪
⎪⎧⎨
⎩
ε^ ( ) =
( ) ∥ ∥ > ∆( )
t
t
last value otherwise
K
eEq. 24 , if , measured during a
, ,
i
ixi
where∆( )t is a specific time period and K^i, exi, and εi represent respectively the estimation gains, the state-vector difference,
and the threshold relative to mode i.
6.4. Controller responses under damage
The same chirp signal adopted before is used to simulate the disturbance for three cycles of twelve repetitions of the
Fig. 11. Control signal comparison between the MC and the RC in the healthy structure.
Table 3
Parameters of the bandpass filters.
Cutoff frequency (rad/s) Mode 1 Mode 2 Mode 3 Mode 4
ωc1 0 400 1200 1900
ωc2 400 1200 1900 2700
signal. Each cycle corresponds to one condition of the structure: healthy plant, plant with damage 1, and plant with damage
2, as described before. Three controller methodologies are examined in these different situations: single-loop RC, single-
loop MC, and the MDLF formed by the composition of the MC and the adaptive controller.
Fig. 12 shows the behavior of each mode in twelve separate panels. Modal peak amplitudes from the open-loop response
Fig. 12. Modal peak performance comparison of the controlled structure submitted to damage.
and also the closed-loop response for the output signals ( )y t1 and ( )y t2 , for each one of the three adopted controllers, and the
three respective control signal u(t) may be seen in the panels.
It is possible to see that damage occurrence reduces the amplitude of modes 1–3 of the uncontrolled structure as previously
discussed. However, damage does not change the controller performances in modes 1–3, for both levels of damage severity.
Regarding the control signals, the peak amplitudes are similar to all controllers for modes 1 and 3. For mode 2, it may be seen
that the control signal amplitude for the RC controller is higher than those for both modal controllers. This shows modal
controllers efficiency over the RC. Regarding mode 4, the open-loop vibration amplitude increases with damage severity and the
controllers have distinct performances. The respective modal vibration increases significantly under the RC, getting even higher
than the open-loop respective peak. The MC presents a better performance than the RC, however, the modal vibrations also
increase with damage severity. For damage 1, the MDLF initially has a response similar to the MC but the adaptive adjustment of
its parameters gradually reduces the peak amplitude. For damage 2, the response is much better since the beginning of the
damage occurrence. The control signal amplitudes increase for all controllers to face damage, however, the MDLF amplitude is
the highest, which leads to the efficient attenuation of the mode.
Fig. 13 presents the modal peak amplitudes of the two control signals ( )u t1 and ( )u t2 , aiming to analyze the contribution of
the nominal controller and the damage compensator to the general performance of the MDLF. It may be seen that ( )u t1 ,
generated by the nominal controller, is the main responsible for attenuating the vibrations of the first three modes, pre-
senting a similar performance for the three plant conditions while maintaining ( )u t2 very small. Regarding mode 4, this
behavior is inverted, and the main contribution for the control signal is now from ( )u t2 . It may be seen that the control signal
of the nominal controller increases a little with damage, but the high level of ( )u t2 dominates these signals. Considering the
overall performance for all modes, it is possible to affirm that both controllers cooperate to achieve a satisfactory
performance.
Fig. 13. Control signal components of the MDLF.
Considering that the damage compensator has two parameters, in which the first is the modal gain vector that multiplies
the state vector and the second is a scalar that weighs the nominal control signal, the adaptive evolution of these parameters
is analyzed based on the signals represented in Fig. 14. It may be seen that, despite the fact that the gains of mode 3 are
larger than mode 2 gains, which are also larger than mode 1 gains, in reaction to damage severity, all these values are very
small compared to mode 4 gains. One can notice the difference in the vertical scales of these figures. To conclude, Fig. 14e
shows that the contribution of the gain K^u1 to the composition of ( )u t2 is very small.
7. Conclusion
A new control methodology for damage-tolerant active control is presented in this paper, based on a modal double-loop
control framework. In the outer loop, a modal ∞H controller is designed to comply with performance and robustness re-
quirements for the healthy structure. The second modal controller, reconfigured online, has the objective of compensating
damage effects through online controller parameter adaptation, based on the output of a modal observer. The damage
compensator objective is to reduce the state-tracking error between the closed-loop performances of the healthy and the
damaged structure, aiming to mitigate the increasing vibration caused by damage.
The proposed methodology is examined using the FE modeling of a clamped-clamped structure, where the controlled
responses for the healthy plant and for two different damage severity levels were simulated. A regular ∞H controller, a
single-loop modal ∞H controller, and the modal double-loop framework were adopted and their performances facing da-
mage were compared. Results show that the modal double-loop framework is the most effective in mitigating the damage
effects on structural vibrations, based on the effective response of the damage compensator. Moreover, the modal double-
loop framework had also an adequate performance for the healthy structure, due to the modal ∞H nominal controller,
designed to comply with the requirements of the healthy plant. Considering the shown performances, it is possible to expect
that the proposed methodology acts to retard damage caused by persistent vibration. In the damage occurrence, results
show the methodology effectiveness to control abnormal structural vibrations, which permit to expect the extension of the
structure operational life.
Fig. 14. Adaptive gains of the damage compensator.
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Appendix A. Material properties
The material properties of the active aluminum structure are presented in Table A.4. The piezoelectric element properties
are shown in Table A.5.
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